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A Reference to Perfect Numbers in Plaidieaetetus

F. ACERBI

For C.M.T., the Master

1. The Text

There are several mathematical passages in PEbt@aetetusThe fictional
description of Theodorus' lesson and the subsequent exposition of Theaetetus' findings
about "powers" (147-148) have been analysed by many scholavghile the
following text appears to have attracted very little or no attentidmegetetus
204A7—205:210)2

>Q. “OTL o0 dv 1 pépn, TO Olov dvdykn TA TdvTa pépn
elvat. f) kal TO O\ov €k TOV Hep®Y AYELS YeEYOVOS €V TL
€ldos €Tepov TOV TAVTWY Pepdy;

OEAI "Evywye.

2. To &€ &N mav kat TO O\ov TOTEPOV TAVTOV KANELS T

2048 €TEPOV EKATEPOV;

OEAIL "Exw pev ovdev cadés, OTL 8¢ kelelels mpobipms
amokpivachat, Tapakvduwelwy Méyw OTL €TEPOV.

>Q.'H pev mpobupia, & OealtnTe, 0pdf- el &8¢ kal 1
ATOKPLOLS, OKETTEOV.

OEAI A€l ye on.

2. Ovkolv Stadépol dv TO Olov ToL TAvToS, WS O VUV
\OY0S;

OEAI. Natl.

2Q. Tl 8¢ 81; Ta mdvTa kal TO TAV €00’ OTL Stadépet;

otov €meldav Méywpev év, dvo, Tpla, TéTTapa, mévTe, €€, Kal

! Recent scholarly contributions include e.g. Knorr 1975, especially chapters Il to VI, Burnyeat 1978,
Hayrup 1990a, Vitrac (forthcoming). The latter seems to me to settiektaa quaestiof the meaning

of Stvapts in 147c-148.

2W. F. Hicken's text in the new Oxford edition is identical with Burnet's.



éav Ols Tpla 1 Tpls 8V0 N TETTapd Te kal dvo N Tpla kal Svo
Kal €v, TOTEPOV €V TACL TOUTOLS TO AUTO 1| €TEPOV AEYOUEV;
©EAI. To avTo.

2Q. "Ap’ d\\o T 1| €&;

OEAI. Ovdév.

2. Ovkolv €d’ ékdoTns AéEews mdvTa €€ elprikapev;

O©EAI. Nali.

2. Tlav 8 oUBeV \éyopey TA TAVTA AEYOVTES;

©EAIL. ’Avdykn.

2. °H d\o 1L i Ta €E;

OEAI. Ovdév.

>Q. Tabtov dpa év ye Tols doa €€ dptbpod éori’
TO TE TAV TPOOAYOPEVOUEY Kal TA ATAVTA;

OEAI. ®ailveTal.

2. “Q8e 61 mepl avTOV Aéywpev. 6 ToL TAEOPOU ApLOLOS
kal TO TMAéBpov TalTéV" N ydp;

O©EAI. Nali.

2. Kat 6 Tob oTadlov 81 woalTws.

©EAI. Nali.

2. Kal pnv kal 6 Tod oTpaTOMESOV Ye KAl TO OTPATO-
medov, Kal TAvTa Td ToLAUTA Opolws; O ydp dplbpos mas
TO OV AV €KATTOV aUTOV €0TLV.

©EAI. Nali.

20. ‘O 8¢ ékdoTwy dptbpos pdv d\o TL i pépn
€oTly;

OEAI. Ovdév.

26). “Oca dpa éxeL pépm, €K LepOV AV €ln;

OEAI. ®ailveTal.

»Q. Ta 8¢ ye mdvta pépn TO WAV €lval ®poAdynTaL,
€lmep kal O mAs dplBpos TO TAV €0Tal.

OEAI Ovtos.

2. To Ohov dp’ ok €0TLY €k PepOV. TAV ydp av €ln Tad
TdvTa 6V pépn.

OEAI. Oik €éolkev.

2Q. Mépos 8 €06’ 6Touv dA\ou €oTiv Omep €0Tiv 1 TOD
ONOV;

OEAI. Tob mavToés ye.



200 Q. "AvSplk@s ye, O OealtnTe, pdxn. TO TAY 8¢ ovx OTav

UNSEV ATh, alTO TOUTO TAV €0TLV;

©EAIL. ’Avdykn.

>Q. “Olov 8¢ oU TavTOV TODTO €0Tal, ol dv pPndapf
UNdév dmooTaTh, ov 8 dv dmooTaTh, ovTe Olov olUTe AV,
apa yevopevorv €k Tou avTol TO avTo;

OEAIL Aokel pot viv oUdev Stadépelry mav Te KAl ONOV.

Q. Ovkolv éxéyoper &TL Ov dv pépn 1, TO Olov Te kal
TAY TA TAVTA PEPT) €OTAL;

OEAI Tldavv vye.

The quotation is longer than strictly necessary, the arithmetical example concerning us
being located at 2@4-c. We shall see, however, that a careful analysis of the context
will be decisive. The following translation is Burnyeat—Levett's, reworked at some

points?

Soc. Because when a thing has parts, the whole is necessarily all the parts. Or do you
mean by 'the whole' also a single form arising out of the parts, yet different from all the
parts?

THEAET. | do.

Soc. Now do you call ‘all of it' and 'the whole' the same thing or different things?
THEAET. | don't feel at all certain; but as you keep telling me to answer up with a good
will, I will take a risk and say they are different.

Soc. Your good will, Theaetetus, is all that it should be. Now we must see if your
answer is too.

THEAET. We must, of course.

Soc. As the argument stands at present, the whole will be different from all of it?
THEAET. Yes.

Soc. Well now, is there any difference between all of them and all of it? For instance,

when we say 'one, two, three, four, five, six’; and 'twice three' or 'three times two' or

% A similar expression can be foundGmatylus432a8.

* Burnyeat 1990, pp. 342—-343. Burnyeat-Levett sometimes employ fairly different renderings even if the
Greek text carries almost identical expressions. In those instances | have kept the translation uniform.
Most importantly,7o mav andta wdvta have been translated as "all of it" and "all of them". (The
suggestion is by N. Denyer and is adopted in Harte 2002, cfr. note 75 on p. 40.) Burnyeat—Levett's
translation "the sum" of the first noun—phrase carries in fact unjustified arithmetical overtones.
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‘four and two' or 'three and two and one', are we speaking of the same thing in all these
cases or different things?

THEAET. The same thing.

Soc. Anything other than six?

THEAET. Nothing.

Soc. Then with each expression have we not spoken of all the six?

THEAET. Yes.

Soc. And when we speak of all of them, aren't we speaking of all of it?

THEAET. We must be.

Soc. Anything other than the sextet?

THEAET. Nothing.

Soc. Then in all things made up of number, at any rate, by 'all of it' and 'all of them' we
mean the same thing?

THEAET. So it seems.

Soc. Now let us talk about them in this way. The number of an acre is the same thing as
an acre, isn't it?

THEAET. Yes.

Soc. Similarly with a mile.

THEAET. Yes.

Soc. And the number of an army is the same as the army; and so always with things of
this sort? Their total number is in fact all of what each of them is.

THEAET. Yes.

Soc. But is the number of each anything other than its parts?

THEAET. No.

Soc. Now things which have parts consist of parts?

THEAET. So it seems.

Soc. And it is agreed that all the parts are all of it, since the total number is to be all of
it.

THEAET. That is so.

Soc. Then the whole does not consist of parts. For if it did, it would be all the parts and
so would be all of it.

THEAET. It looks as if it doesn't.

Soc. But can a part, as such, be a part of anything other than the whole?

THEAET. Yes, of all of it.



Soc. You are putting up a good fight anyway, Theaetetus. But all of it now — isn't it just
when there is nothing lacking that it is all of it?

THEAET. Necessarily.

Soc. And won't this very same thing — that from which nothing anywhere is lacking —
be a whole? While a thing from which something is absent is neither a whole nor all of
it — the same consequence having followed from the same condition in both cases at
once?

THEAET. Well, it doesn't seem to me now that there can be any difference between all of
it and whole.

Soc. Very well. Now were we not saying that in the case of a thing that has parts, both
the whole and all of it will be all the parts?

THEAET. Yes, certainly.

The text at 20d—C could be taken as presenting a trivial piece of mathematics, whose
sole function is to clarify a subtle philosophical point (whether a whole is the same as
its parts or not) by a very elementary example. | shall argue instead that such a reading
of the passage is simplistic: my proposal is that the text contains the first known
reference to perfect numbers. Surprisingly enough, such a proposal appears to be made
for the first time in the present paper. In Section 2 a number of arguments supporting
this thesis are presented; in particular the context is analysed in which the passage is
inserted. In Section 3 the value of this new testimony for our knowledge of
pre—Euclidean mathematics is briefly assessed.

N.B. "Perfect numbers" is a very infelicitous translation, given the emphasis on value
the denomination carries. An unpretentious "complete numbers" would be far better, as
C. M. Taisbak suggested years adn.the present paper | will use the denomination
"complete numbers" when referring to the notion in the context of the ancient

mathematicatorpus

2. The context

® See Taisbak 1976, p. 273.



It is plain that the passage carries some mathematical content. The problem is to
determine the extent and the relevance of such a content. The following possibilities
could be envisaged:

i. The example at 2@4C is random: its mathematical content does not go beyond what

is explicitly stated.
ii. The example is purposedly chosen; its mathematical content is significant.
A problem with such a dichotomy is that it is not obvious what counts for an example to
have a significant mathematical content. Let us take, for the sake of comparison, the use
of 5+7=12 as a paradigmatic addition (and of 5+7=11 as a paradigmatic miscalculation)
at Theaetetud 96a and 198. The same example 5+7=12 can be found in K&mitik
der reinen Vernunfas an instance of arithmetical statenfeirg, of what Kant regards
as a typicah priori synthetic judgement, a central notion in his system. It is very likely
that Kant's choice had been directed by the primary choice made by Plato, suggesting
that reference to tradition is an essential feature of philosophy. In this respect, it is at all
significant that the example is drawn from the Platonic dialogue dealing expressly with
knowledge. In Kant's instance there is thus a serious, albeit unexpressed, philosophical
motivation under the mathematically trivial surface. The presence of an opaque
motivation, from the philosophical if not from a mathematical point of view, could be
assumed also in Plato's original example 5+7=12. But this is an empty conjecture unless
some external or contextual clue is found for determining what motivation there was,
and this does not happen to be the case in this inst@#noeathematical example in a
non—-mathematical writing has seldom a significant content in itself. Such a content can
be uncovered only when the example is related to the context in which it is inserted or

to a whole tradition of thought.

®I. Kant, Kritik der reinen Vernunftintroduction, Section V.

" In philosophical writings, the sum 5+7=12 became a stock example of a simple arithmetical equality: it
is to be found in 8 2 of FregeBie Grundlagen der Arithmetjkout this is its only occurrence in the
treatise. 5+7=12 (possibly miscalculated as 5+7=11 as irlTHeaetetusis the only example in
Dummett's paper Wittgenstein's Philosophy of Mathematics (Dummett 1959). One could therefore guess
that 5+7=11 is to be found as an example of wrong calculation in some of Wittgenstein's notes on
philosophy of mathematics, e.g. in his 193%tures on the Foundations of Mathematitisose lectures

could really have been a good place, since the problem of making a mistake in computing is extensively
discussed, and since Wittgenstein devoted particular attention fbheeetetusmost notably to the

theory expounded in the dream and to the immediately subsequent criticisms of it (see Wittgenstein 1953,
§ 46 ff.). But the example is not there (but teeture8). But even if the example could be found in the
1939Lectures we should not be entitled to ascribe any intention of oblique philosophical reference to the
author: the fact is simply that in the 1988cturesthere are plenty of examples of wrong numerical
calculations, whereas e.g. in Karitgtik 5+7=12 is the only arithmetical example. In the former case,
then, we could simply have hit upon a random example among others.



The minimal view entailed by hypothesis conveys some interesting
information anyway. Plato picked up a chance number and wrote down a few
decompositions of it asgumof numbers less than it. Since explicit reference is made
throughout the passage to parts and wholes, the numbers constituting a decomposition
are parts of the number to be decomposed (more on the latter two issues in Sect. 2.1
below). Therefore, the presence of the decomposition 6=3+2+1 unambiguously entails
that the units composing a number are parts of it, in fact propef Fdmstact is worth
a mention: not even thelementsare fully explicit on this point, and the definition of
proper part of a number (VIl.def.3) has often been interpreted as leaving units out,
reference being only made to numbers as proper pagsa matter of fact, in the
Elementsunits are parts of numbers, and discussions in recent literature have often
forgotten two uncontroversial indications in this selisEirst, some subsequent
definitions and propositions in the arithmetic books do require that units are proper parts
of any numbet! Second, at least one passage expressly states that "the unit measures
every number®? In the decompositions "twice three" and "three times two", the
reconstruction of a number from one of its proper parts by means of repeated addition is
given prominencé& The move is obviously reminiscent of the very way proper parts are
generated: for instance, the decomposition 6=2+2+2 entails that 2 is a proper part of 6
(cfr. ElementsVIil.def.3).

The historiographical perspectives opened by hypotliesase of course more
interesting, but the numbers and operations involved in the example are not, as often
happens, enough to allow a determination of the underlying mathematical content. An
example will clarify the point. It will be argued in what follows that complete numbers

are referred to in the Platonic passage, in particular in the decomposition 6=3+2+1. But

8 A number that exactly measures a number will be caled al "proper part" of it: see the following note, and
Sect. 2.1 below, in particular note 30.

° Such a reading is indeed fallacious, and is grounded on a misunderstanding of the logic of the definition.
Stating that "Part is adpi8pés of andpibuds, the lesser of the greater, when it measures out the greater”,
VIl.def.3 refers to a property afpi6pol, and this does not mean that units are to be ruled out as proper
parts, but simply that "part" need to be defineddi@®pol only. That units are parts of alpbpol is the

very gist of VIl.def.2 (and this shows that VIl.def.2 is not mathematically useless), but of course this does
not entail that units arépbpol: a Greek unit can be taken to be a number (in our sense), but it is
definitely not anipibpés by the very VIl.def.2.

12 Among the exceptions are e.g. Euclide 1994, p. 252 or Hgyrup 2004, in particular the final section.

1 SeeElementsVI1.37 and 1X.36 and the very definition VIl.def.23 of complete numbers.

2 ElementsVII1.6; see EuclidesElementavol. I, p. 160.7-8. It is not to be excluded that the clause is a
late interpolation; most notably, it is not attested in the mediaeval Latin translations from Arabic.

2 The two decompositions anet to be read as multiplications. Recall that Greek multiplication is much
more a shorthand for a repeated addition than our multiplication is (cfiElsentsvil.def.16). On the

issue see e.g. Taisbak 2002.



the very same decomposition could be construed as carrying a very different reference.
Special properties of certain triples of numbers had in fact been seriously investigated in
antiquity, as we know from late sourcésAs lamblichus teaches us, take three
consecutive numbers, the last of which is divisible by 3, and add them. Add the units in
the result and as many units as there are tens, and as many units as there are hundreds,
etc. — in our decimal notation this amounts to adding the digits of the result. The final
result will always be 6 (the summation must be repeated until a number less than 10 is
obtained), we are told without proof. The triple 1, 2, 3 is thusrthenv of all triples of
consecutive numbers with the above property, and 6 isrifer of all numbers
obtained as sums of such tripféstmudprjv is in fact the smallest number, or set of
numbers, or ratio, to which a certain property applies; the concept was already
well-developed in the times of PldfoOne could read Plato's passage as a covered
allusion to such a property rather than to complete numbers. To decide between the two
interpretations could be impossible, unless further clues come from the context.

A serious problem lies however in locating a threshold above which the
"context” provides an amount of data enough to force some precise interpretation.
Moreover, "context" is a vague concept and is clearly interpretation—dependent, if only
for the fact that each modern interpreter will deem some aspect or other of "the context"
as irrelevant to the passage at issue. Nevertheless, an analysis of the context cannot be
dispensed with in our case, since the numbers displayed in the passage do not appear to
disclose at once a non-trivial mathematical meaning of it. Several layers of what could
be broadly termed "context relevant to the passage" can be envisaged: 1) the
philosophical context in the dialogue; 2) the mathematical examples Théeetetus
3) Plato's stylistic strategies; 4) arithmetic in Plato's times. Let us briefly investigate

these points in succession.

2.1. The philosophical context

1 Jamblichus,In Nicomachi arithmeticam introductionem libgap. 103.10-104.13 (Pistelli). The context

is an explanation of the concept of arithmetic mean. The triple 1, 2, 3 is just the lowest such mean.

!5 lamblichus does not speak expresslyrafurv in this instance, but he was of course familiar both with

the concept and the term (cfr. imelex verborunin Pistelli's edition, p. 182bub vocg

8 Such a meaning is at issueRespublica546c1-3, and see also Speusippus' fragment analysed below.
Referring to the property described in the text, lamblichus describes the hexad as "image—shaping and
element of those [sums of triples] that come after it" (p. 104.2-3 Pistelli). Thenteéhmdves is
encountered in HippolytuRefutatio omnium haeresiyiv.14 to denote numbers obtained by adding the
numerical values of the letters in Greek proper names until a number less than 10 is obtained. The



Three definitions of knowledge are propounded inTheaetetus’ The third,
and more sophisticated, definition is first presented by Theaetetus<)0h the form
of a definition: knowledge is true judgement with an accoudyds). Theaetetus'
reference is immediately clarified by the doctrine expounded by Socrates in his dream
(201e-20Z). (Theaetetus admits his inability to provide a fuller account of the reported
definition). A major point of the doctrine in the dream is a clear—cut statement about the
knowability of elements and complexes: the former are unknowable, the latter
knowable. The discussion about this point will take a substantial part of what follows,
and will be conducted on the example of letters and syllables, taken as paradigmatic
instances of elements and complexes respecti¥&gcrates declares in fact that he is
not satisfied with the doctrine just expounded, and proceeds-{208C) to offer two
confutations of it. The first confutation (202209D) takes the form of a dilemma
concerning letters and syllables: Socrates shows that, contrary to what is asserted in the
doctrine of the dream, syllables are either as knowable as letters or as unknowable as
them. Supposing first that a syllable is the same as all its letters, Socrates quickly
concludes to a contradiction with the doctrine of differential knowability of elements
and complexes (2G2203)."° Second, Socrates envisages the alternative possibility,
namely that "the complex be a single form resulting from the combination of the several
elements when they fit together; and let this hold both of language and of things in
general”, and infers that "it must have no parts" &0Z4heaetetus reacts with surprise
to such a claim, and the passage quote@xtensoat the beginning of this paper
follows: Socrates tries to convince Theaetetus using a lenghty and elaborated argument.
Theaetetus organizes some resistence to Socrates' pressing reasoning, but eventually he
gives his assent, even if somehow recalcitrafitiyhe upshot of the discussion, once
Theaetetus' resistence is defeated, is that "both the whole and all of it are all the parts”,

whence the claim at 2@4just quoted follows. The dialogue returns then £2aj to

calculus ofmubuéves was thoroughly investigated by Apollonius, as we know from Pappoitectio

11.1-27 (pp. 3—29 Hultsch).

¥ The following discussion owes very much to the thorough analyses in Burnyeat 1990, pp. 191-218 and
Harte 2002, pp. 32-47 and 144-150.

8 The same Greek word is used for "letter" and "elementS.gciov); another word for both "complex”

and "syllable" guA\apn).

19 Actually, only the assumption that elements are unknowable is reduced to contradiction, since they are
shown to be as knowable as syllables.

® Read the answers at 2Bl E4, E10, 20%8, and compare them with the final answer to the second
confutation (20612). Socrates acknowledges the tenacity of Theaetetus' defence at 205



the example of letters and syllables and recapitulates the preceding argument,
concluding that, since the only things that can be parts of a syllable are the letters,
syllables and letters must be both knowable (in case a syllable has parts) or unknowable
(in case it has not) at the same time. It is clear that this confutation of the doctrine in the
dream depends on one crucial assumption, actually made explicit at severaf'@aces:
whole is the same as all its parts. Surprisingly enough, at-20& second confutation
is offered of the doctrine of differential knowability, and it is to be taken (at least
according to Socratééwho appears thus to cast some doubts on the elaborate argument
developed in the first confutation) as the real one; the argument comes from the
experience everyone has had in learning the basic elements of language or of an art. The
second confutation appears to be at variance with the first, in that it shows that elements
are more knowable than complexes. Three proposals followcX16B) about the
meaning of the term "account” in the definition of knowledge at issue. Only the last
proposal (208—21@) survives Socrates' criticisms, but leads to a circular definition of
knowledge. During the discussion of the second proposal (namely that an account of a
complex is a complete list of its elements) the dialectics of parts and wholes surfaces
again, through the example of the wagon @3 and a resumption of the instantiation
by letters and syllables (204208).

This account of the last portion (28421®) of the Theaetetugives a rough
and partial idea of what is at issue there, but it is enough for our purposes. The
mathematical example at 284 serves as a first step in the lenghty argument (entirely
guoted at the beginning of the paper) devised to convince Theaetetus that "all the parts
[of a complex] are all of it", an ontological stance that is crucial to the whole last
portion of the dialogu&. The mathematical example is thus located at a crucial point of
the entire dialogue, in a context that unambiguously refers to the philosophical issues
raised by the relationships between a whole and its §a#8tace these relationships

have also direct mathematical connotations, it is natural to take them as the appropriate

2L Cfr. 20407, E3-5, 20%.9, D9.

2 Cfr. 20681-3.

% Even if, as Harte 2002, p. 43, remarks, Plato seems to suggest that it is hazardous to widen the
identification to the claim that "a whole is the same as all its parts". The crucial move is thus the
identification of a whole with "all of it": unlike the former, the latter expression entails that some division
into parts has occurred. See Harte 2002 for a detailed study of the parts—whole dialectics in Plato.

# Interestingly enough, the word pos is not mentioned when the several decompositions of 6 are listed
and briefly discussed. Yet it is an often repeated key word in what immediately precedes and follows.
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technical context where to look for the mathematical background of the example at
204B.

Such an identification involves at least three problems. The first problem is to
establish the sense in which a numisets parts. This point is settled by observing that
in numbers sameness is replaced by equélifyhe conception of numbers as
collections of units entails in fact that there are arbitrarily many instances of e.g. a
sextet®® since there are arbitrarily many different units there are actually arbitrarily
many different sextets. Relations between numbers (as e.g. equinumerosity) are thus
always established between different instances of them. Saying that "a nantber
parts" must therefore mean that "a numbeaqual tats parts".

The second problem is the way in which those parts are composed to give the
whole. It is clear from some of the decompositions displayed in the Platonic passage
that the intended meaning is that the parts are wdbed even if this is not expressly
said. The practice in later mathematical treatises, most notably Eleheentswas
exactly that of implying the addition: a case in point is just VIl.def.23: "A complete
number is the one that is equal to its parts". When an equality concerning the sum of
several homogeneous items was at issue, even in a non—definitory context, the rule was
that of implying the addition. When the single items were instead to be taken severally,
a suitable expression was used, as e.g. "respectively”. An example among hundreds is
the enunciation oElementd.4.

The third, and substantial, problem is what the parts of numbers are. A first
possibility: at 208—c "part” is not to be taken in any technical meaning. This is to be
excluded given the example at issue, even if it is clear that Plato is playing with the
technical and non—technical meanings of the term (the latter is of course required
outside the strictly arithmetical example, e.g. when the army or the syllables are at
issue). After all, paraphrasing Socrates' reasoning &, 20t could wonder what the
parts of a number are if not numbers (or units).

The ancient conception of numbers as collections of units entails that each

number is contained in those that follow it, and hence is a part of them in a well-defined

% That this was the case is confirmed by Aristotle's remark that "[i]t is said rightly that a number is the
same, the one of the sheeps or of the dogs, if both are equal, but a decad is not the same and decads are
not the same, in the same way as triangles are not the same, the equilateral and the Bhgtgce (

14, 224a2-4). It is interesting to notice that equal ratios are instead invariably said to be "the same".

% The discussion in Burnyeat 1990, pp. 205207, focusses precisely on this point.
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sens€! The list 1, 2, 3, 4, 5, 6 in the mathematical example aB204eally
enumerates all parts of a sextet, hinting at the very way a sextet is arrived at: it is
composed ofék) the numbers preceding it. This we could call the weak technical
meaning of "part” in arithmetic. On the other hand, there is a strong technical meaning
of "part”, namely the one codified BlementsVIil.def.3: "Part is ariplbpoés of an
aplbpos, the lesser of the greater, when it measureskoatifieTpfj] the greater”. (In

what follows, the term "proper part" shall be consistently used when this will be the
intended meaning.) The division of the canon describefimaeus35c-368 (both

forms pépos andpopltov are attested) and the well-known fragment of Archytas
concerning the three basic means attest that such an usage is definitely earlier than the
Element$® That there was early awareness of the ambiguities entailed by the
coexistence of the weak and the strong technical meaning of "part" is clearly displayed
by the entry devoted to the concept of part in Aristotle’'s philosophical lexicon in the
Metaphysica"A part is called, in one way, that into which a quantity is divided in a
way whatever (for what is subtracted from a quargiia quantity is always called a

part of it, e.g. the duet is called a part of the trio in some way), in another way, only
those among such parts which measureaukprapeTpotvTal; this is why the duet is
called a part of the trio in a way, but in a way rfo#s ElementsVIl.def.3 just above
attests, the term transcribed in Greek i®rmmninus technicugn Greek mathematics,
most notably in the arithmetic books of tBEementsthe prepositiomaTd is prefixed

to petpelv exactly when the measuring quantity, after repeated subtraction, exhausts
without residue the measured one. Both occurrences of "part” in the passage are thus to
be referred to an arithmetical context, so that we are entitled to conclude that an
ambiguous meaning of "part" was already present in the mathematical terminology of
the middle of the fourth century. As a result of this ambiguity, a seemingly transparent
sentence as "the whole is the sum of its parts” runs into difficulties even in a technical
context. Apparently to get rid of such difficulties,Eementsvil.def.4 a definition of

népn, "parts” in the plural, is proposed. Whereas a number is "part" of a number exactly

when measures it, "parts” of a number is a number less than it but not measuring it: the

27 Cfr. ElementsVIl.def.2 and AristotleMetaphysic&Z 13, 1039a12, 1, 1053a30.

% Porphyriusn Ptolemaei Harmonica commentarium 93.6-17 (Diring) (= fr. DK 47 B 2). Cfr. also
Speusippus' remarks that the decad contains an equal number of prime and composite numbers
([lamblichus], Theologoumena arithmeticap. 83.14-19), a passage to which we shall return in Sect. 2.4
below. A quick check in the TLG_E will show that expressions such asdedfio pépn (in the technical
meaning of "two thirds") are attested in pre—Platonic orators and historians.

% Metaphysicaa 25, 1023b12-17.
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weak technical meaning is differentiated from the strong one by passing to the plural.
The latter sense of "parts" cannot be explained by the fact that "parts" are made up of a
plurality of proper parts, since this is true in general only if the proper parts ardfunits.
this lexical convention rules out ambiguities in the use of "part” in the singular, the
ambiguities remain when several parts are referred to, since it is not clear whether a
plurality of proper parts is at issue or a plurality of "parts" or Bbtmfortunately, the
use of "parts" in the present meaning in the mathematical literature is restricted to the
arithmetic books of th&lementsit is likely that the inconvenience of that lexical
choice was detected, and the term fell out of usage.

The preceding discussion rules out the possibility that in the exampleet204
Plato is referring solely to the weak technical meaning of 'Pant, assuming that this
could have been the case, to the Euclidean sense of 'B@ts'the contrary, Plato was
in position to refer tgroper partsof a number. Moreover, as seen above, he definitely
adds those parts, and we can safely assume that a nigritbgrarts in the sense that it
is equalto them. But even after such a sharpening of the lexical apparatus, a problem
remains with e.g. the claim at 208-2: "in all things made up of number, at any rate,
by 'all of it' and 'all of them' we mean the same thing" — the problem is that the claim is
false. Not all numbers are the sum of their own proper parts, even if some numbers are,
and when this happens mathematicians are used, at leadEleamntsvil.def.23 on,
to call them "complete numbergéieiol dpibuol. It is at this point of the dialogue that
Theaetetus entered Socrates' trap: that "the whole is the sum of its parts" is false even in
numbers? Theaetetus is wrong in his giving assent to that statement, and he is really
catching one of those "pieces of ignorance" just evoked in the simile of the Aviasy.
not necessary to develop the notion of complete number to realize that e.g. an octet is
not the sum of its proper parts. But Plato singled out just a sextet in the example, and
the sextet happens to be the sum of its proper parts: 6=3+2+1, as in the last

decomposition in the list. So Theaetetus is in general grossly mistaken, in that not every

% In modern scholarly literature the problem is somewhat hidden by the usage of qualifyiers of the word
"part”; | shall use "proper parts" as the plural of a part. | shall use in the sequel "aliquot parts" for what are
our unit fractions.

31 In Burnyeat 1990 and Harte 2002 only this possibility is envisaged.

%2 Recall also that the argument aims at convincing Theaetetus, a valuable albeit young mathematician: he
could easily have remarked that, in either hypotheses, no number could ever be theadlatsgasts.

% By the way, this seems to support the Platonic characterization of the young Theaetetus as relying on
true judgement falling short of knowledge. See on this Burnyeat 1990, pp. 129 ff. But Theaetetus is
driven to error by Socrates' fallacious contention that "all of it is all of them". This is a further clue that
Plato is subtly suggesting that there is something wrong in Socrates' argument.
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number is the sum of its proper parts, but in the specific case of a sextet he is right, in
that it is the sum of its proper parts. Theaetetus is driven to error by its own
mathematical abilities.

We could also try to enlarge the range of the philosophical issues that can be
brought to bear on the mathematical example. The dialogue is both an investigation of
what knowledge is and (hence) an inquiry about what a good definition of knowledge
should be. Therefore a proper context to the mathematical examples in the dialogue is
the philosophical assessment of the meaning and role of definitions in mathematics.
This point has been strongly made by M. Burnyeat with reference to the philosophical
significance of the passage at b41483. In his view, the lesson to be drawn from
1470-148 should be that definitions are better intended as provisional points of any
inquiry and not as its goal, even before this point is made clear by the rest of the
dialogue®® That something concerning definitions as starting points is at issue in
204n—20% too is somewhat corroborated by the fact that the arithmetical example is
introduced to explain a point concerning elementsixeta) and complexes. It is well
known thatoTouxetov was standard mathemathical terminology in the Academy at least
by the times of Menaechmus, who cared to distinguish two senses in which something
can be said to be an element of something dthAmong elements there are
definitions?’ the arithmetical example at 284 could refer to alefinition of a precise
mathematical notion.

Collecting the remarks above it is natural to read one among Plato's
decompositions, namely 6=3+2+1, as an allusion both to the definition of complete
numbers and to the sextet as a complete number, written as the sum of its proper parts.
But this proposal leaves some questions open: who was the inventor of complete
numbers, and why is Plato not explicit on the whole issue? Some clues come from other
diffuse "contexts" relevant to our passage, the first of which is constituted by the several

mathematical examples in the dialogue.

2.2. The mathematical examples in Tieaetetus

% 196c-19D. Recall also that the paradigmatic mistake in the simile of the aviary is a mathematical one.

% See Burnyeat 1978, in particular pp. 509-512.

% Proclus, In primum Euclidis Elementorum librum commentanip. 72.23-73.14 (Friedlein).
Menaechmus' elaboration is not explicitly said by Proclus to refer to mathematical issues, but such an
origin is very likely.
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The number of mathematical examples presented in the dialogue can be easily
justified, besides Plato's well-known predilection for such examples: Theaetetus was a
distinguished mathematician. The ancient sources, however scanty, are unanimous on
this. Of course, the main testimony is theeaetetustself, in particular at 147-148s,
if the value of the passage as a historical record is accepted. The young Theaetetus is
there reported to have proceeded to a first classification of lines that are commensurable
or incommensurable with a preassigned one. As a matter of fact, the classification
amounts to alefinition laying down the basis for any systematic investigation on
irrational lines® In our perspective it is important to stress that the definition rests upon
number—theoretic concepts and is expressed in a number—theoretic idiom. The only
uncertainty is about the date of such an achievement, but it is very likely that Plato's
dramatic exigencies forced him to conspicuously predate the first conception of the
definition.

In PappusCommentary on Book X of Euclid's Elemeifiseaetetus is reported
to have introduced and named the three basic kinds of irrational lines (medial, binomial,
and apotome), linking them to the three basic means (geometric, arithmetic, and
harmonic respectivelyy. The testimony of Pappus, though expressly referring to the
Theaetetusappears to carry additional and independent information, whose source is
asserted to be Eudemus. Proclus mentions Theaetetus in tandem with Archytas, and
asserts that by them "the theorems were increased and an advance was made towards a
more scientific grouping® Theaetetus' results are then said to have been perfected by
Hermotimus and eventually by Euclid. Proclus offers no clue about the character of
Theaetetus' fields of activity. The pairing with Archytas, whose main contributions
appear to be of a number—theoretical natuegnnot be underestimated, since the

connection was very likely already explicit in Proclus' sources.

%" This seems uncontroversial already for Plato: see e.g. the discussion in Mueller 1991.

% Definition and terminology do not match with the corresponding ones i&l#maents and this has
somewhat bewildered many commentators. See the remarks in Vitrac (forthcoming).

% pappusCommentary on Book X of Euclid's Elemehts p. 63 (Junge-Thomson). See also 11.17, p.
138. The first occurrence of the denominations "apotome" and "binomial" is in (Pseudo—-)Arisixeles,
lineis insecabilibu®68b20. This small treatise is a product of the Peripatetic school. A work with the
same title is included also in the list of Theophrastus' writings (see e.g. Diogenes Laétdigs,
philosophorumV.42). Therefore, it is reasonable to assume that it has been composed before the
Elements

“0 Proclus,In primum Euclidis Elementorum librum commentgpii 66.15-18 (Friedlein).

“I Most notably the theory of means and its application to canonic division. B. L. van der Waerden, on
highly questionable grounds, propounds to ascribe book VIII ofElementsto him (see van der
Waerdernl954, pp. 152-155). Knorr 1975, pp. 212—-225, substantially endorses such a position.
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Since much of what is required for the theory of irrational lines in book X of the
Elementsbelongs in the arithmetic books, H. Zeuthen ascribed the bulk of books VII
and VIl to Theaetetu€.A view like Zeuthen's is advocated by W. R. Knorr: he assigns
to Theaetetus, first, a body of theorems that was organized in strict deductive sequence
and that eventually surfaced as the main portiorEl@mentsVIil;* second, the
foundations and further elaboration of a sequence of theorems very similar to what is
actually expounded in the initial segmen&démentsX.*

To Theaetetus are also ascribed, though to a variable extent, the discovery,
construction, and classification of (some of) the regular s8liise main source of
information is the liminar scholium t&lementsXIll: " [...] three of the said 5 figures
belong to the Pythagoreans, the cube and the pyramid and the dodecahedron, whereas
the octahedron and the icosahedron belong to Theaef&tisllowing the first,
fundamental study of E. Sachs, W. C. Waterhouse strongly advocates the thesis that the
testimony of the scholium is fully reliallleand that Theaetetus actually shaped the
definition of regular solid implicit in th&lementsthereby proving that there are only
five of them®

In short, the two main achievements ascribed to Theaetetus in antiquity are of a
systematic character; in particular it appears that he was particularly clever in finding
fruitful and long—standing definitions. Moreover, even if Theaetetus' range of
mathematical interests is wide, we can safely claim that arithmetic constituted the core
of his research activity. This is well in keeping with the prominence of arithmetical
examples in th@heaetetusA very brief survey will suffice to show this.

The arithmetical emphasis in 134148 has been pointed out above, and the
5+7=12 (or 11?) sum at 186and 198 has already been discussed. At d54e

question is whether it is possible to become bigger in number in any other way than

42 See Zeuthen 1910, in particular pp. 408, 420-422. Notice that a similar historiographical stance is
otherwise deemed amivewhen assumed e.g. by Proclus in his ascribing to Thales theorems that are
needed to explain some of his practical achievements. See Dicks 1959 on this.

3 Recall Proclus' assessment quoted just above.

“ Knorr 1975, pp. 238-244.

5 A thorough discussion can be found in Sachs 1917.

% Euclides Elementavol. V.2, scholium 1 in librum XllI, p. 291.1-9 (Heiberg—Stamatis). The entry
devoted to Theaetetus in tlsaidalexicon ¢ 93) claims: "Theaetetus [...] first described the so—called

five solids" (Adler 1928-38).

" The gist of the argument is that the discovery of the octahedron — whose construction is very simple —
at a later stage can satisfactorily be accounted for only if a systematic perspective has already been
developed.

48 Waterhouse 1972-73; see also the useful discussion in Euclide 2001, pp. 97-104.
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being increasetf. The example involves six dice, that are asserted to be three halves
(nreodiovs) of four dice, but half of twelve. Technical terms are employed here, even if
they are not required by the context. At &3ocrates claims that not even in his sleep
has Theaetetus gone so far as to say to himself "No doubt the odd is even"aAt 198
the arithmeticréxvn is a "science concerning every even and odd", whére@selv is
defined as "inquiring how big a certain number happens t6°d@'these passages K.
Gaiser's suggestion could be addfeaho regards the text at 202rd pév otolxela
dloya ... Tas 8€ oul\aBds yvwoTds Te kal pnTds) as a pun alluding to the
distinction betweeti\oyos andpntés, a basic one in the later theory of irrationals.

The dialogue appears thus to stress arithmetical issues, perhaps suggesting that
they were a prominent feature of Theaetetus' investigations. We are thus naturally led to
connect Theaetetus to the invention of complete numbers. The way the example at

2048— is presented will give further weight to the proposal.

2.3. Plato's stylistic strategies

It is clearly out of place to discuss here the complex stylistic strategies that can
be discerned in Plato's dialogues (nor would | be able to do that). | will concentrate my
attention on a simple question: why is the example ag-20Aot explicit?

A first possibility is that Plato had intended to present a fully transparent
example, at least for those who were in a position to have an informed access to his
dialogue. Historians have not been able till now to enucleate the mathematical reference
of the passage simply because of the present fragmentary knowledge of the mathematics

in Plato's time$§®

9 avEndév in the text. The verb frequently refers to increase through multiplication (seResgpublica
5468—C and 58D9), but here a more generic meaning is very likely at issue.

0 The same definition is iGorgias45183—4.

51 Gaiser 1968, p. 472. The same remark is in Burnyeat 1978, note 78 on p. 510.

%2 See e.gElementsX.def.3. Fopntés as opposed téloyos in technical contexts before Euclid see e.g.
Plato,Respublicab345 and (Pseudo—)AristoteleSge lineis insecabilibu®68b19. The same opposition
is expressed in terms of the contraposition betweerss and dpprjTos in the geometrical-number
passage aRespublicab46c4—5 (the latter term does not appear in Eements Therefore, we are not
entitled to conclude that the very precise Euclidean meaning of the terms was already in usage in Plato's
times: their several occurrences in feeaetetusas well as many of those recorded in Fowler 1999, pp.
191-193, are unlikely to refer to mathematical issues.

3 Ancient commentaries are of no help in the interpretation of the passage. In G8ebpoés Platonica

no scholia to th& heaetetusre reported ranging from 2810 20®. The anonymous commentary to the
Theaetetugnds with lemma 1%4-1582 and comments thereon.
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A second possibility is that the example had been expressed in obscure terms for
dramatic or other reasons. We could refer to Plato's well-known habit of expraésing
mathematical examples in a non-transparent fashion. Just a few examples. The
generation of the soul ihimaeus35c-368 amounts to a detailed description of an early
canonic divisior” The mysterious geometrical number Respublica546-D
determines the cycles of fertility in human beings. Interestingly enough, in the same
passage mention is made (84§ of some "complete"t€éelos) number ruling the
same affairs for celestial entities. lleges737—738, 5040 is mentioned as the ideal
number of households in a state; it is also asserted that 5040 admits as proper parts all
number from one to ten, and that the number of its proper parts is sixty less one. In
Leges7718-D it is observed that the same number divided by 12 yields exactly
twenty—one times twenty, and the latter — the number of tribes — can be divided by
twelve again. Further, 5040 is said to admit all parts up to twelve, eleven excluded, even
if it is easy to remedy to this by subtracting two householdBekpubliceb87c-D the
tyrant is declared to be up tox@)x(3x3)x(3x3) (=729) times removed from pleasure
than a wise man — and this is clear to the calculator. Other examples could be adduced,
but the proposal of a generalized strategy of making the mathematical references
obscure is half-way to begging the question, and simply shifts the problem.

Third possibility: Plato purposedly gives the example atB2@4a cryptic
expressioras a mathematical referenc&his view is compatible with the hypothesis
that Plato is alluding to a recent mathematical achievement, and that he wants to keep it
transparent to a very restrictétite only. The opacity of the mathematical reference
could for instance be explained by assuming that Theaetetus did not carry any
investigations on the subject. Making the mathematical reference explicit could instead
have induced the reader into wrongly believing that the subject at issue had to be
associated with Theaetetus. This being not the case, Plato preferred to make the
reference opaque. If instead Theaetetus was the inventor of complete numbers, the
example could be read as a homagextremis celebrating one of his main results in a
very private form. In this perspective, a kind of progression towards obscurity should be
read in the sequence of the mathematical passages Dihé¢laetetusranging from the

* The canonic division in th&maeusis commonly ascribed to Philolaus on the grounds of a testimony

in NicomachusEncheiridion(see pp. 252.17-253.3 (Jan) or fragment DK 44 B 6). See e.g. Burkert 1972,
in particular pp. 386—400, whose position is endorsed in Huffman 1993. However, several scholars regard
fragment DK 44 B 6 as a late forgery inspired by the passage ififeeus See, first and foremost,
Tannery 1904.
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very explicit example in 14¥%148 to the cryptic one in 204-205 through a series

of covered allusions to arithmetic. In particular, the allusion to a "completé«(s)
arithmetician” at 1989 would constitute a bridge between the former example and the
latter, maybe suggesting that the latter too has to be taken serffo@$lyourse,
Theaetetus himself may have elaborated preexisting material, sorting a well-thought
and fruitful definition out of some mathematical technique.

All of the above leads me to surmise that Theaetetus himself was the inventor of
the notion of complete number, that Plato is referring to this fadthieaetetus
2040-20%1, and that the way he shapes the reference is a masterpiece of irony and
sophistication’® We could even construe Plato's opacity as partly intended to hide a
criticism to a definition carrying a certain amount of ambigtli@iven the problems
with the terminology of parts explained in Sect. 2.1 above, the definition of complete
numbers is in fact ambiguous: of course, if "part" is to be taken in the weak technical
meaning,no number will be the same as its parts. Plato could therefore be read as,
among other things, criticizing early occurrences of such an ambiguous usage: a quartet
iS not a proper part of a sextet, nevertheless 6=4+2 is proposed as an acceptable
decomposition into parf§.Both Plato with this decomposition and Euclid with the
introduction of a technical meaning of "parts" appear thus to criticize the same source of
ambiguities: the fact that any number less than another can be taken to be a part of it.
Moreover, to criticize a definition by referring to it through exanplesuld be in
keeping with the tension within the dialogue between definitions proper and definitions
through examples. Perhaps Plato shaped the first argument against the theory in the
dream around a piece of mathematical knowledge (some numbers are the sum of their

parts, others are not).

2.4. Some ancient arithmetic

% The Greek term occurs, near the passage we are discussing;aag@Zour times in 206-C.

% Recall that Theaetetus is mistaken in giving assent to the claim that any number is the sum of its parts.

> There is no need to suppose that the term "complete” was introduced from the very outset. We shall see
below that it is very likely a late choice, maybe Euclid's. But recall the "complete mathematician".

% Remark that the decomposition 6=1+5, a part (VIl.def.2) + parts (VIl.def.4), is absent. It is difficult to
attach to such an absence a meaning.

%9 Notice also that knowledge is here assumed to be true judgmentdwith (account), and the whole
dialogue raises criticisms to thrgé&you (definitions) of knowledge. Could a further, more speacifigos,

be criticized at 204—£?
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We are thus led to trace the residual tracks of complete numbers in the Greek
mathematical corpus. It is disappointing how scanty the evidence is. Let us briefly
review it.

In the well-known fragment from Speusippus in theeologoumena
arithmeticaethe decad is repeatedly termeéieLos.®® Aristotle confirms that the
adjective applied to the decad belonged to the standard terminology of Pythagorean
tradition? even if Speusippus is not flatly reporting Pythagorean material, as the author
of the Theologoumenappears to sugge¥tin Speusippus' perspective, the decad has
several properties in virtue of which iti8\etos, some properties being peculiar to it,
others being shared by other numidémone of the properties fits the definition of
complete numbers we find in tii#gementsbut it could be more than coincidence that
the decad is termed "complete” because it isstiraof a unit and of the first three
dpBpol.* To the Pythagoreansé\elos really means "complete” in a generic sense, as
is clear from Aristotle: "[The Pythagoreans] proceed as though number up to the decad
were complete. At any rate they generate the things that follow — e.g. the void,
proportion, the odd, and others of this sort — within the det€adie remark is clearly
intended to throw very bad light on the reported conception, but the terminological
point is clear enough and untouched by Aristotle's negative bias. We are thus not
entitled to view the ancient Pythagoreans' usedfios as referring to a definition of
complete numbers in some technical sense, even less in a number—theoretic one. The
term simply stressed the completeness of the decad with reference to a certain number
of criteria, let them be arithmetical, numerological, philosophical. Of course, negative
terminological evidence does not entail that before Euclid no inquiry had been pursued
about numbers that are equal to their own parts; it only gives weight to the contention

that the nameéleios for such numbers is the result of a stipulation that occurred after

% [lamblichus], Theologoumena arithmeticapp. 82.10-85.23 (De Falco) (= fr. 28 Taran), most notably

at p. 83.6-11. For a thorough analysis of the fragment see Taran 1981, pp. 257—-298.

®1 MetaphysicaA 5, 986a8-9: "since the decad appears toddeLov, and to contain every nature of
numbers [...]"

%2 Several mathematical conceptions in the fragment, e.g. that the unit is a number, in fact the first prime
number, are at variance with Pythagorean doctrines.

% In one case among the latter the decad is singled out as beingdth®’ of all numbers having the
property of containing an equal number of prime and composite numiiesl¢goumena arithmeticae

p. 83.14-19 (De Falco)).

% [lamblichus], Theologoumena arithmeticag. 84.10-14 (De Falco).

% MetaphysicaM 8, 1084a31-34. Annas' translation, slighty modified. Annas' notes to the passage are
quite useful.
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Aristotle (perhaps just as a reaction to the non—technical connotations of Pythagorean
terminology)®®

After Euclid, to whom we shall turn in a moment, the issue¢® Lot numbers
was resumed by the Neo—Pythagoreamheon Smyrnaeus repdftshe definition of
complete numbers and the enunciation of the sufficient condition for a number to be
complete stated iElementdX.36 (see below}? 6 and 28 are provided as examples of
complete numbers. After defining overcomplete and defective numbers, Theon points
out that also 10 is termedt\elos by the Pythagoreans "in accordance with another
account™ Finally, he asserts that also 3 is so namdsloth Nicomachus and
lamblichus provide further information, even if of limited value. Nicomat€Hiirst
defines overcomplete, defective, and complete numbers as particular spesves of
numbers. He then lists the first four complete numbers, namely 6, 28, 496, 8128,
describing the way of their generation according to the Euclidean prescription, and
makes three claims. First, there is only one complete number in the units, one in the
tens, one in the hundreds, one in the thousands (and this is plain truth). Second,
complete numbers will always end in 6 or 8 alternately (false). Third, the sufficient
condition for a number to be complete is also necessary (no proof is proVided).
lamblichus repeats all of this, upgrading the first claim to a "natural law", and guesses

that there is only one complete number in every successive order of ni§kdends

% That is to say that the choice was purposedly polemical: it marked the older meaning of "complete” as
unserviceable in mathematics, thereby trying to sweep it out of the technical field. The attempt was
unsuccessful, as is clear from the later evidence discussed below.

57 Later discussions as e.g. the ondividisProlegomena et in Porphyrii Isagogen commentarigm
22.18-35 (Busse) are of no interest.

% Theon Smyrnaeug&xpositio rerum ad legendum Platonem utiljypp. 45.9-46.19 (Hiller).

% Theon's statements fit the enunciation&@imentsvil.def.23 and 1X.36, respectively, even if the these
propositions are not explicitly referred to.

 The alternative account is expounded (p. 106.7—11 Hiller) in the section devoted to the properties of the
first ten numbers, and coincides with the one that can be extracted from the pasbéafepliysicaA 5

andM 8 referred to above. Among the listed properties of 6 is the one of being a complete number in
Euclidean sense.

"L Cfr. also AristotelesDe Ceelg A 1, 268a10-11, where it is asserted that the Pythagoreans regarded 3 as
the number defining botho mav andTta wdvta. In the Theologoumena arithmetica® is said to be
complete "in that it is generated from 3 complete" (p. 78.16 De Falco).

2 Nicomachusintroductio arithmetica.16, pp. 36.6—44.7 (Hoche).

3 True (Euler proved this), but only recalling that from the very outset Nicomachus defined complete
numbers as a subspecies of even numbers.

™ lamblichus,In Nicomachi arithmeticam introductionem lihgp. 31.22-34.26 (Pistelli). The (false)
claim is very interesting, in that attests an original conception of what we would call "orders of
magnitude”. To lamblichus, it is natural to pass from thousands to the first order of myriads (i.e. the
numbers ranging from one myriad to one myriad of myriads), not from thousands to myriads (i.e. the
numbers ranging from one myriad to ten myriads). The myriad is thus taken as the unit of the successive
order of numbers. Clearly such a conception is connected with Apollonius' tetradic notation for large
numbers expounded in book Il of Papp@sllectio (pp. 3—29 Hultsch). A different conception underlies
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his excursus by defining friendly numbers, and ascribes their discovery to Pythagoras.
This is the only piece of evidence that investigations about the issue were carried before
Plato, but the ascription looks very much as a retrospective arithmetical interpretation of
a standard anecdote, and its value as a testimony is nil. The scHolententsX.36
appear to depend on the Neo-Pythagorean tradition and provide no further
information!®

Since antiquity, a residual line of Euphoridhllection of poem®lolsomia
has been interpreted as referring to complete numbéhe line is quoted to this effect
in a digression on complete numbers contained in an anonymous commentary to
Porphyry'sisagoge The line tentatively readssdolowr (ool peléeoat, TO Kkal
kaléovol Tehelous".” A translation could be "equal to his (their) limbs, so that they are
called complete”. Structure and mathematical content of the digression in the
commentary strictly follow analogous discussions in the Neo—Pythagorean tradition,
especially in Nicomachus, but the quotation from Euphorion is not attested in any other
sources® The anonymous commentator's quotation of Euphorion's line cannot be taken
as entailing that the former had access to a text larger than the line itself. Actually, the
most likely source of the line is an earlier compilation, where the connection with
complete numbers was already made explicit. Again, this does not mean that there were
any allusions to complete numbers in Euphorion's original poem too: we are used to
sucha posterioriover—interpretations in late compilators. Unfortunately we have no
indications about the context in which the surviving line was inserted, but other
fragments of Euphorion suggest that ¥Meomia dealt, among other things, with
Dionysus' death by dismembermérithe god's limbs were then reassembled before his

the nameseuTtepwdouvpévn, Tptwdoupévn ... povds for 10, 100, etc. (the notion is expressly ascribed to

the Pythagoreans e.g. in lamblichdis,Nicomachi arithmeticam introductionem libgop. 88.21 ff.,

103.16 ff. (Pistelli)).

% lamblichusn Nicomachi arithmeticam introductionem libgr. 35.1-7 (Pistelli).

% Euclides Elementavol. V.2, scholia 44—47 in librum IX, pp. 81.14-28 (Heiberg—Stamatis).

" Euphorion was a a poet from Euboea, active in Athens and Antioch in mid—third—century B.C.. See e.g.
the entry on Euphorior 3801) in theSudalexicon (Adler 1928-38).

8 See most recently Lightfoot 1998.

" The fragment was discovered by G. L. Westerink and brought to scholarly attention in Westerink 1960.
The whole commentary has been edited in Westerink 1967; see in particular p. 8.20. The line is badly
corrupt, and the reported reading is Westerink's restoration. The text carried by the (two) manuscripts is
odblow olol pedéoot TOL kal karéovTar TéAeLOL.

8 The content of the commentary overlaps also with the content of the commentaries of David and Elias,
and the agreement is ofteerbatim The anonymous author has been approximately dated by Westerink
from the end of the sixth century to the beginning of the eight.

8 The suggestion was first made in Barigazzi 1963, in particular pp. 447—-8. A poem under the title
Dionysusis attested for Euphorion, and it has been suggested that it was containedadtydhén.
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burial in Delphi® It is disappointing that seven (plus the undivided heart) is the
transmitted number of pieces into wich Dionysus was divided. Any reference to
complete numbers in their technical sense in Euphorion's poems rests thus on a
conjectural reconstruction of a handful of fragments: it may well result from lexical
coincidence&® At any rate, the uncertainty in the dates of both Euphorion and — most
notably — Euclid would heavily downplay even the value of a sounder testimony.

Let us come to th&lementsVIl.def.23 states that "&\cios number is that
which is equal to its parts". The subject is kept in lethargy until proposition 1X.36, the
very last one of the arithmetic books of tBeements The theorem states a sufficient
condition for a number to be complatethe sense of the just stated definition, and it is
a true feat of mathematical insight: "If as many number as we please are set out in
duplicate proportion in succession from a unit, until the entire sum is prime, and the
sum total multiplied into the last <term> makes some <number>, the result will be
complete® Two remarks support the view that an authorial strategy has been permitted
to surface in the organization of the treatment of complete numbers Eigheents
First, the evidence so far surveyed, most notably Speusippus’ fragment, suggests that the
denominationré\elos for a number equal to the sum of its proper parts could be
ascribed to Euclid: C. M. Taisbak suggested to read this as a mathematical pun (such
numbers are "complete” in the sense that they are really the sum of their propér parts).
Moreover, 1X.36 ends the arithmetic books of EHlementsand can properly be taken as
their té os. Second,ElementsiX.36 comes just after a sequence (1X.21-34) of
astonishingly simple theorems establishing some properties of odd and even numbres.
Only the last four propositions in the sequence carry a decent mathematical content, the
others being utterly trivial if not empty in their prodtdt is not plausible to regard such
a steep climax of mathematical complexity as a consequence of a rather haphazard and
careless way of composing tBéements” | would rather consider it as a litt®up de
théatre Theorem 1X.36 comes thus rather out of the blue, and the obvious inference that

there must have been some serious elaborations on complete numbers before Euclid was

8 One is strongly reminded of the story of the so—called "Horus—eye fractions". In Ritter 2002 it is shown
that they are no more than a historiographical myth.

8 Lightfoot's conclusions are explicit on this.

8 As said above, the sufficient condition stated in IX.36 is also necessary for even perfect numbers.
Nothing is know about the existence of odd perfect numbers. It is not known whether there are infinitely
many perfect numbers or not. At present, a few tens of perfect numbers are known.

% See Taishak 1976.

% On the character of these proofs see e.g. Mueller 1981, pp. 103-106.

8 This was the opinion of O. Becker, see below.
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not supported so far by any evidence. This state of affairs has left room to two weighty
reconstructions.

Years ago, Taisbak proposed a rather straightforward reconstruction of the
genesis and invention of complete numbers as a consequence of an insightful inspection
of the multiplication tables typical of the so—called Egyptian methdtie method is
applied in several problems in the Rhind mathematical papyrus and can be
summmarized thu8.Given two numbers to be multiplied, other numbers are set in two
columns according to the following procedure. The left column always carries a unit
and successive duplications of it. The right column carries first one of the numbers to be
multiplied and, under it, successive duplications of it, in correspondence with the
numbers set out in the left column. Strokes mark the numbers on the left column that
sum up to give the other number to be multipfeand the final result is obtained by
summing the corresponding numbers in the right column. Take for instance the
multiplication tables of 83 (left) and of %7 (right):

/1 3 /1 7
/ 2 6 / 2 14
summing 3 and 6 yields 9 / 4 28

summing 7 and 14 and 28 yields 49

Notice that in both tables all numbers in the left column are marked by strokes.
Moreover, the last numbers of the right columns in both tables, namely 6 and 28, are the
sum of all the other numbers in the table. It is easy to realize that every figure in the left
column has a stroke exactly when the number to be multiplied by itself is a unit less
than an even-times—even—only number (a particular caBlementdX.35)> It was a

later step, Taisbak suggests, to realize that only in some cases among these the last
number in the table was measured by the others and only by them, and that this occurs

8 See Taisbak1976.

% On this see most recently Clagett 1999, pp. 113—-204.

% The method works in that every number can be written as a sum of suitable powers of two and possibly
one unit. It is not at all clear whether Egyptian or Greek arithmeticians had developed this argument in the
form of a proof, even sketchy.

%1 Egyptian scribes knew of sequences of numbers obtained as successive duplications; a summation
procedure, up to a fixed and not generic number of terms, is sketched in problem n. 79 of the Rhind
papyrus. It is not clear what such problems are to be taken to entail about an Egyptian acquaintance with
summation procedures of geometric progressions. See Clagett 1999, pp. 58-60 and, for a less nuanced
assessment, Caveing 1994, vol. 1, pp. 377-378.
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when the first number in the right column is prime. Taisbak claims thus that complete
numbers "were discovered at the reckoning board". The hard work was of course to set
out a proof from these remarks, but it is clear that, in Taisbak's view, invention of
complete numbers and proof of the sufficient condition go together.

Independent support to the hypothesis that complete numbers were known and
studied before Euclid comes from a well-known reconstruction of O. Becker. He argues
that 1X.21-34 is a piece of archaic mathematics developing a theory of the odd and the
even. The theory had originally been cast in the language of pebbles—arithmetic and was
subsequently modified before being included in Ehements Becker shows also that
IX.36 can be proved as a consequence of those theorems only, and favours the view that
Euclid had conspicuously reworked a pre—existent pfdafBecker's perspective, the
final segment of book IX was added, at a relatively late stage and maybe by Euclid
himself, to an already established body of theorems. This obviously entails that the
whole theory had already a definite shape, albeit possibly a rough one, before Euclid.

Both scenarios (Becker's in a less straightforward way) establish a connection
with the so-called Egyptian calculations. It is definitely known that such calculations,
performed with the aid of duplication procedures and aliquot parts, were known in
Greek mathematics. The denomination "Egyptian method" for these procedures is
attested in such late sources as the well-known scholi@haomidesl65=> or a letter
where Psellus explains some terminology implied in Diophattigimetica® The
problem lies in the determination of the period and ways of transmission of the
Egyptian techniques to Greek—writing mathematicians. In envisaging early borrowings
from foreign cultures we are touching on a very difficult historiographic question, since
contemporary sources are in most cases absent. Recent and less recent scholarship has
more or less cautiously tried to explore suctema incognita The soundest results

come from ancient astronomy, where the Babylonian origin of some parameters and

92 See Becker 1936 and Mueller 1981, pp. 104-106. The proof is termed "combinatorial” in the latter
work. In this very respect, Becker's reconstruction is at variance with Taisbak's, in that the latter appears
to entail an original proof of the sufficient condition for complete humbers very similar to the one in the
Elements

% "parts of it gcil. of logistic] are the so—called Hellenic and Egyptian methods in multiplications and
divisions, as well as recapitulations and separations of proper parts [...]" (p. 115 Greene). The scholium is
assigned to Anatolius in Tannery 1887, pp. 48-52. For further discussions see Klein 1968, p. 12 ff. and
Caveing 1994, vol. 2, pp. 172-176.

% Diophantus Alexandrinu©pera Omniall, pp. 37.3-39.10 (Tannery), in particular pp. 38.22 and 39.5.

In Knorr 1993, note 18 on p. 189, it is proposed that the denomination "Egyptian” is instead to be simply
taken as a reference to Diophantus' situation in Alexandria. Knorr's proposal is ruled out by the quick
description of the "Egyptian analysis" in the very same letter by Psellus (p. 39.4-9 Tannery).
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arithmetical schemes typical of Greek pre—Ptolemaic astronomy is well-established. In
particular, Meton's 19—year calendric cycle (late V century B.C.) has been proposed on
good grounds to be a development of a similar Babylonian scliéfndones speaks of

"a gradual trickle of basic concepts and occasional parameters from about 500 B.C.
followed by a sudden flood of detailed information in the second century B.C.".
Hgyrup's researches suggest a continuity between some problems and notions peculiar
to Old Babylonian mathematics and Greek subsequent elaborations. Hgyrup explains
the supposedly ambiguous useéfauis in Theaetetud47c-148® (both a square and

its side appear to be referred to by the term) by setting it in parallel with the analogous
ambiguity in the corresponding Babylonian temmthartum The proposal of direct
borrowing can be consistently argued, even if the documentary evidence does not settle
the point?” More importantly, a whole tradition of Near Eastern practitioners' problems
can be followed in its transmission and transformations through Greek metric tradition
(possibly alscElementshook 11)® Diophantus, and Islamigl—jabr up to Renaissance
treatises, even if early Greek evidence is lacking.

A continuity in the field of logistic is strongly suggested by the persistence over
millennia of a stable body of computational techniques, most notably the consistent and
uninterrupted use of aliquot parts in both calculations involving parts and in the
presentation of the final resuffS.But, also in this case, the evidence for the crucial
period is virtually non—existent, the earliest records for the Hellenic world being a set of
demotic papyri of mathematical argument, ranging from the third century B.C. to the
second century A.D° The metrical tradition collected in the Heronian corpus gives us
further, albeit late, confirmation of such a continuity. More generally, the few reliable

testimonies we have about pre—Euclidean Greek mathematics attest for a particular

% See Bowen and Goldstein 1988, in particular pp. 48-51. How ancient is the scheme is an open problem;
seeibidem

% Jones 1993, quotation from p. 88.

9 See Hayrup 1990a, pp. 201-202.

% The similarity of the geometric theoremsHfementd! to some "cut and paste" problems typical of old
Mesopotamian mathematics was the historical basis by which the thesis of Greek "geometrical algebra”
was a posterioribelieved to be supported. See e.g. Neugebauer 1934-36. As is well know, the original
idea of a Greek "geometrical algebra" goes back at least to Tannery and was expressed in clear—cut terms
in Zeuthen'Die Lehre von den Kegelschnitten im Altertum

% See e.g. Hayrup 1996 and 1997.

190 See Knorr 1982, most notably pp. 154-160, Fowler 1992, and Vitrac 1992. A very interesting analysis
is in Hayrup 1990b, see in particular the final discussion.

191 We are not in position to guess any date for the arithmetical riddles in book XIV ahthelogia

Greeca
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interest in arithmetic and logisti®. At least by the times of Archytas number—theoretic
investigations are attested, possibly triggered by harmonic theory and in particular by
investigations on the several division of the canon acceptable from a theoretical or an
empirical point of view?

A strong case has been made by M. Caveing in favour of a very early
conceptualization of complete numbé&¥sCaveing's proposal is the upshot of a
long—standing tradition, that links the singling out of complete and overcomplete
numbers to the early techniques of manipulation of aliquot Paftee last entry in the

so—called 2 table in the Rhind papyrus is 2:101, and this is written as a sum of aliquot

parts asl01+202+303+606, which amounts to write 2 as A#3+6 or 1 as2+3+6.

Clearly, every division in the &:table could have been performed this way, but the
presence in the sum of the same aliquot part to be doubled makes the decomposition
totally ineffective. The reasons for which such a decomposition was included are
difficult to figure, even if one can observe that, raisin23=+6 to common
denominator, 6=3+2+1 is obtained. More generally, every decomposition of a complete
number into the sum of its proper parts gives rise to a decomposition of a unit into
aliquot parts. On this basis and taking for granted Becker's reconstruction outlined
above, Caveing advocates the view of an early Greek acquaintance with complete

numbers.

3. Assessment

The passage in thEheaetetusupports a claim that any historian of ancient
mathematics would bet is true: complete numbers were known well before Euclid.
Complete numbers are mathematical objects whose early invention was to be expected,
Greek arithmetic and logistic showing such an early and strong interest in parts of

102 Arithmetic and logistic seem to be kept distinct by Plato (aGexgjias 451a—c andCharmides166a),

and this suggests that both fields had been developed independently and to a reasonable extent, but it
must be said that the available sources do not allow to draw any sharp borderline between the two
domains. Klein 1968, in particular chapter 1.3, following the definitions in Plato, maintains that
pre—Euclidean arithmetic was concerned with numbers in themselves, whereas logistic allowed for
relations (e.g. operations and ratios) among them. Accordingly, both sciences had a theoretical and a
practical side. Admittedly, with Klein's definition of logistic it is not clear what was left to arithmetic to
deal with.

103 Cfr. fragments DK 47 A 16, 17, and 19, as well as DK 47 B 2 and the recently proposed Archytean
fragment in Ptolemaeusklarmonica pp. 11.8-12.7 and 12.24-27 (During) (see Barker 1994).

104 See Caveing 1994, vol. 1, pp. 356-359, and vol. 2, pp. 222-226.
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numbers. In particular, the present analysis appears to support either of Taisbak's and
Becker's reconstructions, in that the very conception of complete numbers as theoretical
objects can hardly be disjoined from detailed investigations about an effective way of
generating them.

One could wonder why the invention of complete numbers went anonymous. It
could have been easy, most notably to the late Neo—Pythagoreans, to attach a name to
them. The fact that they did not do that could simply mean that they did not know of
any name to attach to. The very limited number of sources in which Theaetetus'
mathematical achievements are attested suggests in fact that he was no longer
well-known in late antiquity, perhaps only through Plato's dialogue artdish@iesof
Eudemus. On the other hand, the same silence on the name, despite the relevance the
Neo—Pythagoreans granted to the issue of complete numbers, could be interpreted as
suggesting that the invention of the concept was notoriously not to be ascribed to a
Pythagorean, and Theaetetus was in fact not renowned a$’suate authors had
therefore to forge a fictitious ascription. Not surprisingly, lamblichus claims in fact that
friendly numbers (and by implication also complete numbers) were discovered by
Pythagoras: he clearly cannot assign the invention of complete numbers to Theaetetus.
A similar phenomenon could have originated the partial eclipse of Theaetetus' name as
the inventor of the concept of regular solid. Such an invention is ascribed to Theaetetus
just in a couple of sources, independent of Neo—Pythagorean tradition, and in them in a
very succint and casual way. The Neo—Pythagoreans firmly maintained instead that the
discovery of the regular solids and the related cosmology expounded Tmtheus
were obviously due to Pythagoras: no room was left in their narratives for Thed®tetus.

Moreover, the transmission of the name of a mathematician who opened a field
of research is made far easier if the same field is kept alive by centuries of subsequent
investigations. This did not happen with ancient arithmetic, that appears to have turned
from abstract number theory as we have inEl@mentdoth to indeterminate analysis
and to a refinement of calculation tools, the latter mainly after the introduction of the

195 See Hultsch 1895, in particular pp. 156-166, Tannery 1900, p. 33-35, referring to Hultsch, and Itard
1961, pp. 69-70, quoting Tannery who refers to Hultsch.

1% Theaetetus' master Theodorus is included by lamblichus in his catalogue of PythagDee¥iis (
Pythagorica267), but recall that in thEheaetetuFheodorus is the spokesman of Protagoras' philosophy.

At 145c-D Socrates asserts that Theaetetus is learning geometry, astronomy, harmonics, and logistic from
Theodorus. These are the disciplines composing what lately became the Pythggadranum This

could well have sufficed for Theodorus to be reckoned among the Pythagoreans.

197 A discussion of the testimonies is in Sachs 1917. See also Euclide 2001, pp. 95-106.
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sexagesimal systeHf.This on good ground&lementdX.36 is a mathematicalul de
sag and later reports on the issue are muddled by numerological overtones. Thus IX.36
is a wonderful theorem, but appears to be very well suited to close a field of research.

A further reason for ancient and present ignorance about the issue of complete
numbers before Euclid is that no ancient commentaries survive to the arithmetic books
of the Elements We know that Hero commented on them, since he is the only quoted
source in the few pages devoted to the arithmetic books in an—Nayrizi's comriféntary.
Unfortunately, the first leaf of this section of an—Nayrizi's text had already got lost when
Gerard of Cremona translated the wbfkand the Arabic text we have in tl®mdex
Leidensis399.1 stops after a few definitions of book VII. As a consequence, no
comments on the definitions have been transmitted. The remaining remarks and
integrations ascribed to Hero hardly carry any exciting conteiihe long section
devoted to IX.36 amounts to a slightly reworked translation of the probiie author
of the Definitionestransmitted in the Heroniatorpusasserts twice to have composed
Preliminaries to the Arithmetic ElemeritdWe have nothing of this commentary. We
have just one fragment from Eudemdsstory of Arithmetic but it deals with a rather
trifling application of arithmetic to harmoni¢¥.(Recall that much of what we know
about pre—Euclidean arithmetic is a by—product of an uninterrupted interest in harmonic
theory*™ For instance, the most important arithmetic fragment of Archytas is preserved
in an incidental remark in Boethiti§) We must conclude that arithmetic suffered more
than geometry from the peculiarities of the process of transmission of ancient
mathematical knowledge: tiiementseclipsed nearly every preceding production, the
late Neo—Pythagorean syntheses, while replacing more reliable sources, gave the

18| ate developments of combinatorics should be added: see Acerbi 2003.

199 Aparitius,In decem libros priores Elementorum Euclidis commentppii 190-210 (Curtze).

10 Gerard asserts this at the very beginning of the translation of book VII. See Ankritiesem libros
priores Elementorum Euclidis commentagi 190.1-2 (Curtze).

11 Actually, the way the several comments of an—Nayrizi on the arithmetic books are reported suggests
that all of them come from Hero's commentary.

12 Curtze found this proof and a proof of IX.13 among the leaves containing the commentary to book X.
He suggests that the proofs could be fragments of the original translation by Gerard (see Amaritius,
decem libros priores Elementorum Euclidis commentgpii 200 note 1 (Curtze)). However, the
translationsdo not coincide with the ones in Busard 1984, cc. 218.36—-220.6 and 230.44-232.37
respectively.

113 See HeronDefinitiones Sects. 122 and 128, pp. 76.21-78.2 and 84.17-22 (Heiberg). Cfr. the
discussion in Knorr 1993.

14 Porphyrius)n Ptolemaei Harmonica commentarium 115.4-9 (During) (= fr. 142 Wehrli).

15 Qutside theElements the only conspicuous and consistent tract on early Greek number theory is
preserved as the first nine propositions of$eetio canonis

18 Institutio musicall.11, pp. 285-86 (Friedlein).
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historically—inclined reports a turn that was not suited to preserve unbiased records.
Therefore, even if Theaetetus did invent complete numbers, absence of references to
this fact in ancient authors need not surprise us. The lack of direct sources has forced
many historians to advocate different forms of the odd historiographical position that
the arithmetic books of th&lementswere simply the passive repository of
pre—Euclidean number theory. As we have seen, conspicuous portions=tétrents
are ascribed lock, stock, and barrel to authors who lived more than one century before
Euclid. Maybe a more firm support on contemporary sources would be desirable,
otherwise suspension of judgement is the safest attitude.

| feel that the present study is more properly regarded as pointing to a
reappraisal of a certain kind of sources than as providing new insights on ancient Greek
mathematics. Ascribing a well-known but anonymous result to a well-known
mathematician can hardly be considered as an original historiographical move, if not
because scholars have spent a certain amount of their scholarship in the last 40 years in
sifting sound ascriptions from unsound ones in the garble of Peripatetic and
Neo—Pythagorean narratives of past mathematics. My proposal shows that two chunks
in an otherwise very disconnected puzzle could match, but gives little contribution to
the reconstruction of even a part the whole puzzle. In particular, the hypothesis of an
early transfer of Egyptian methods to Greece can be brought to bear on the issue only

via the intermediation of Taisbak's reconstruction.
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